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The equipartition frequency v of an anisotropic plasma is calculated numerically and analytically
within the Landau approach for strong magnetic fields and several new integral expressions for v are
presented. In the ultra strong magnetic field case, when ro <b, where r¢ is the Larmor radius and b
the classical distance of closest approach, v is shown to be dependent on how the Coulomb force is
cut off at short distances. None of the obtained expressions, however, coincides with experiment, in
contrast to the strong interaction theory of O’Neil and Hjorth. For weaker, but still strong magnetic
fields (r.> b) the ambiguity disappears and the weak interaction result describes well the experiment.
It is, hence, the transition region ro~ b, where the transition from strong to weak interaction takes

place.
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1. Introduction

The collisional relaxation of anisotropic tempera-
tures T, and T of a weakly correlated plasma that is
immersed in a uniform magnetic field B= B b is known
to depend on the strength of the magnetic field [1—4].
Taking into account self-collisions only and exploiting
the weak-interaction approximation (Landau ap-
proach), three regions of the magnetic field depen-
dence of the equipartition collision frequency v can be
distinguished.

In region I, when the thermal Debye length Ay is
smaller than the Larmor radius r¢, the equipartition
frequency v is found to be independent of B (ip=
VeoTo/ne?, where Ty=(T;+2T,)/3 is the iso-
tropic temperature of the considered species; ro=
JT,/mQ~ !, where Q=eB/m is the Larmor fre-
quency).

In the intermediate region I, given by b<r-<4p, a
logarithmic decrease of v is found with increasing B
(b=e*/(12meyT,) is the Landau length or classical
distance of closest approach).

In the strong magnetic field region III, where ro<b
holds, an extremely small collision frequency is ob-
tained.

Present day fusion plasmas like JET or the solar
wind plasma [5, 6] are found to lie in region I; the
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magnetic field has, therefore, little influence on the
equipartition rate (in JET plasmas this is well satisfied
for ions and marginally true for electrons (r¢. = Ap. )
whereas in the solar wind both species well satisfy the
criterion rq > Ap, for s =e, i).

Recent experimental progresses in confining a
weakly correlated, pure electron plasma [7, 8] have
now made accessible regions II and III and, hence,
provide a test of analytic expressions derived for v in
this parameter regime. In these experiments the crite-
rion for the validity of a classical treatment of the
collision dynamics, namely, hQ<T,<5eV [9,10],
was satisfied.

Within the Landau theory a weakly correlated
plasma is assumed, i.e., 4 = Aip/b=127n i3> 1, where
A is the quantity appearing in the Coulomb loga-
rithm, In4, and it holds A=12mg~!, where
g =(n/3)” ! <1is the plasma parameter. The decrease
of v with increasing B in region II is approximately
described by a replacement of Ap, with r¢, in the
Coulomb logarithm. This can be interpreted as a
shortening of the effective interaction range perpen-
dicular to B from Ay to r¢. It also shows that distant
encounters, i.e., small-angle collisions between parti-
cles with impact parameters ¢ in the order of A, be-
come less effective.

On the other hand, referring to the ultra strong
magnetic field case, rc < b, O’Neil found that the most
effective collisions in this region are close encounters,
1.e., collisions with g~ b. He realized that the motion

0932-0784 / 92 / 0500-0629 $ 01.30/0. — Please order a reprint rather than making your own copy.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung
@ @ @ in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
BY ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz veréffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fir Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



630 H. Schamel and G. Hiibner -

of two such colliding particles is controlled by an
adiabatic invariant, u%, where u | is the relative veloc-
ity of the particles perpendicular to the homogeneous
magnetic field, and developed a strong interaction the-
ory by exploiting the Boltzmann collision integral
[10, 11]. This adiabatic invariant implies that the ex-
change of perpendicular energy or the scattering of
the perpendicular velocity components, respectively,
is governed by a dipole-like rather than a monopole-
like interaction and, hence, a Boltzmann-type opera-
tor can be justified from the BBGKY hierarchy due to
this more short range interaction. The essence of this
adiabatic invariant is that it is conserved only asymp-
totically, when r-/b— 0 and that exponentially small
changes in perpendicular energy will take place when
B is large but finite. Within the strong interaction
theory [10], the equipartition frequency is, therefore,
expected to drop off exponentially.

However, in cases of weaker magnetic fields — more
precisely in the regime of interest representing the
transition from region III to region II, rcx~b — the
adiabatic expansion breaks down and it becomes
questionable whether the close encounters g~ b con-
tribute most effectively. So, one is forced to conclude
that at present no convincing theory is available for
this transition region. Here, neither the unperturbed
helices upon which the Landau- or small interaction-
approach is based nor the E x B guiding center mo-
tion, where E is the microelectric field of the point
charge, which is the basis of the strong interaction
theory [10], are believed to be meaningful tools in
describing the collision dynamics.

In such an unsatisfactory situation it seems mean-
ingful that one evaluates each approach as exactly as
possible to be sure that the differences to a more so-
phisticated theory, which may arise in the future, will
be due to an incomplete treatment of the collision
processes of the former theories and will not be further
masked by an imprecise or doubtful calculation of the
collision frequency within each approach. Another
possibility to test these approaches are Monte-Carlo
simulations with many particles [12, 13].

The present paper represents a continuation and
deepening of our earlier one [4]. Relying on the
Landau approach, it focusses on the strong magnetic
field regime, r-< b, i.e., on a regime, where the formula
in [3] for v ceases to be valid. We present several forms
of the general integral expression for the equipartition
collision frequency v, determine the behavior of v in
the transition region in more detail and show by a
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formal expansion of v for the ultra strong magnetic
field case, ro < b that in this case the Landau approach
itself is no longer uniquely defined but depends on
how the cut-off is introduced into the Coulomb force.
In general no restriction on the strength of the temper-
ature anisotropy is imposed. Furthermore, compari-
sons are made with recent experimental data [8].

The paper is organized as follows. In Sect. 2 the
weak interaction formalism is presented in the frame-
work of [3] and the matrix elements are exposed,
which sensitively will depend on how the cut-off is
introduced. Section 3 is devoted to an evaluation of
the equipartition frequency, and the above mentioned
comparisons of the two theories with experiment are
made in Section 4. Furthermore, in the appendix a
new form of the asymptotic expansion of Bessel func-
tions is presented.

2. Derivation of Basic Equations

The kinetic equation, we are starting with, is of
Landau-Rostoker-type [14, 15] and is found, e.g., in
[3], which also serves as a guide line. It is valid in the
weak interaction approximation, treats, hence, only
distant encounters correctly (small angle scattering),
ignores relativistic, quantum, polarisation, nonuni-
form and non-Markovian effects and reads for the s-th
species

s
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where the notation is standard [15], ¢ represents the
electrostatic Coulomb potential
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P(rin)= 3)
r,, is the relative position vector of two colliding par-
ticles

Fia=F —F

and r,; (1), v;(7) stands for the i-th particle unperturbed
orbit at time 7.
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Two further simplifiations are adopted. We consider
only like-particle collisions, setting s=s'=e, q,= —e,
m,=m, and assume a gyrotropic electron distribution
fe@(t),0)=f (03 (2), v} (1), 1) which is, hence, indepen-
dent of the gyroangle of an electron gyrating around
the magnetic field line.

The free particle trajectories are determined by the
equations of motion (the characteristics of the Vlasov
operator)

Fi (1) =;(1),
: @
5(1)= = 0i()) x B=Q[b xv,(2)],

where Q2 =e B/m is the electron gyrofrequency. Equa-
tion (4) yields upon integration
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distributions, J¢=J becomes
0

0p(ry,)
ory, J\d‘f

= oo

vy (T)vl||> : i _(1—>2)] (6)

2
o1 v,

0 (ry,(7)
ory, (1)

1
J=— WJ‘drudv2

v, (D)o
(Gt
fwi 1, UIZH ) [0, U%n’t)'

Next, we introduce the Fourier-Transformation
¢(r)=[dk (k) e'*, (7

so that ¢(r)=e*/4neyr transforms to ¢ (k)=e?/
(873 &g k?).
J can then be written as

0 0
.’= jdsz(vl’vz) ) <E - g) f(vlst)f(v29t)’ (8)

where the tensor Q is given by

2n)? i .
0=—— jdk|¢(k)| j'drkk(r)e"‘"’x”“”“
m Loy
9)
with the definitions
sinQ1 cosQ1—1
A4X 1, (1) =0y, _Exv12_LT +5U12”‘L’,
k(r)ﬁkLcosQr+klx55inQr+k”. (10)
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In the limit Q — 0 the usual Landau operator is easily
obtained:

Bl

4X , (1) >v4, 1,
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where u =v,,=v, —v, and . is the unit tensor.
Introducing ¢ (k) in the second step of the last equa-
tion, the k-integral in Q reduces (up to a constant) to

ko
[dkk™'=Inky/kp=Inip/b=1In A, where the usual
kp

cut-offs are introduced to avoid singularities.
(kp = Apt, ko =b""). This shows how the Coulomb
logarithm comes into play.

For finite Q, it can be shown that only the symmet-
ric part of Q contributes and that its tensor elements
can be expressed by Q,, =&, - Q - é,, where é, is a unit
vector perpendicular to b = B/B. The wave vector is
then decomposed either cylindrically into

k=é k cosa+é,k sina+bk (11)
or spherically into
k=é,ksinfcosa+é,ksinfsina+bkcosf, (12)

where « and 60 are the azimuthal and polar angle,
respectively (6, =5b x é,).
The tensor element Q,; then reads

2m)3 A 9
01 =~ 20 fakigw1* | &

[
cexplet+i

+kju r}) k? cosa cos (x— Q7).

LUy

[sin (27 —a) + sin«] (13)

It depends on how the k-integral is treated, ie.,
whether a cut-off is introduced in the k ,-integration
only (case A) or in the spherical k-integration (case B).
In the latter case also a k-cut-off is implied. In both
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cases use is made of the Bessel function expansion

+ oo
explizsin®@]= Y J,(z)e''®.

l=-w

Case A: Cylindrical Cut-Off

(14)

Treating the k-integral in a cylindrical manner,
+ o 2n
fdk={dk k, [ dk [ do and performing the t-
— 0 0
and «-integrations, one obtains

2 4
Q11=_( TI)ZTE
m

+ + o0
T Jdku kL dky BRI

2
[é J:(f)] o(12+90), (15)

where =k, u,/Q, {=kju.
Introducing k*=k? +kf in ¢ (k) and performing
the k-integral, Q,, then becomes

4 1 + 3

-—— . W jdk R . DS
dmegm® luy| 2o ) " |:ki+ (1_9)2]2
U
[ 1Q (kLul>j|2
= AJI S
k ou, Q

where the boundaries in the k | -integral still have to be
specified.

Qu:

(16a)

Case B: Spherical Cut-Off
If we treat, on the other hand, the k-integral spher-
n 2n
ically, [ dk = [ dk k* { sin6d0 | du and perform the -
0 0

and o-integrations, we get

et e

Q=== > Jdkjd@sin%)
dresm® ==
0 (16b)

1Q ku,sing\ |?
: J 512 +ku, cosb),
[kuLsin() ’( Q >] (182 +kuy cosf)

where it is the k-integration which has yet to be cut-
off.

The temperature isotropisation can be treated for
both cases in the following way.

With the definitions of parallel and perpendicular
energies,

m , nT
dv, —v7) f = 5

W, = P

m
WL:JdvlfvflenTL,
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and with bi-Maxwellians for f (the validity of which
is analyzed in [16])2, (18)

s (5 ool -3 (5
v)=n|_— === —Xp:| — =N =T =] s
oM 2n)  JT, Tu 2\T, T

the time-derivative of W, can be written as
L TH

V.V”= 5

m
=J‘dv150%“6[f=nmj'dvlvln JH’ (19)

where (20)

Jy=—m Jdvz |:Q31 <v1'1;vu> +Qs, (1)712;”22>
1 X

+ 033 <%>]fbM(vl)fbM(02)'

The two v-integrations are transformed by a center-of-
mass transformation
u=v,—0,,

t=3(v,+0,) (21

to a u- and t-integration. Chosing a frame in which u
has no y-component, the second term in (20) drops
out, and making use of

u, u\?
03,=——Q;; and Q33=<> 011

22
0, u, (22)

we obtain after the #-integration

m’? n? 1

W ome e e e
"os/r T

. 2_1 +'Ld acd 4
T j u f u uQy
Il 00 0

o5} = ] i . HI
4 \T, TH'

Through the conserved energy law

o 3
7“+TLEETO, (24)

(23)

where Ty, is the final isotropic temperature, Wn can be
replaced by ¢ where

CT.()
‘W=7 0

(25)

2 This choice of the distribution function is suggested by the
experiments [7, 8] and allows in a most simple way the
study of temperature isotropisation.



H. Schamel and G. Hiibner -

is the anisotropy parameter. It holds

3¢T, 3T,
T, = , B , 26
714227 U 1498 @8]
and
1+2¢ .
i(t) = — w,. 27
() nTH I (27)

3. The Equipartition Frequency
3.1 Case A: Cylindrical Cut-Off

In the cylindrical case A, inserting Q, ; from (23) and
using
+

—Bu?
i luy|® e P¥i _
I (a+ud)?

—

2 —au} 1 b? -b2/2
duju, Ji(bue *=_—1I, e~ "%, (29)
0

U(@2,1;Ba), (28)

2a 24

where U (2, 1; B a) is Kummer’s function (being a spe-
cial case of confluent hypergeometric functions) and
I,(x) is the modified Bessel function, we obtain

Jmmue*n (1+2¢)(1—¢)

é(t)= (@meg) T2 T, -
+ 0 2
E lzjdkl(lkf) <21 l B>I(x)e"",

where x = 2T, k% /(mQ?). Replacing the k  -integra-
tion by the x-integration, it follows

ﬁe“n
\/5(47:8 )2

2
z lzjd —U<2,1,l2 )I(x)e_", (31)

l=-w

(1+28%2(1—¢)
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@)=

Because the /=0 term vanishes and the remaining
series is symmetric in [ > — [ we get

2 /me*n (14262 (1—¢)
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2
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Finally, introducing the normalized time 7=vyt,
where
8. /me*nlinA

Ve =
B /mBT) (e,

(33)

\/— vSpllzer ’
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we obtain
E(t)=v(B,e)(1—¢) (34)
with
1
v(B,e)= —— (1+2¢)°2
4In4 (35)

@© 1 12
. lejdx7U<2 1; )I,(x)e"‘.
1=1 X 2x

This is the sought equipartition frequency, but we still
have to introduce the cut-offs in k | and to exploite the
formula.

The cut-off in k |, kp =
comes in the x-variable xp <

S 68 Mz and
PT 1426\ Q

.- 6 (kpvgo \2 2 ;E
T 142 B S T m”

Other forms of v(B,¢), avoiding the Bessel function
expansion, can be obtained. One more version is

(B.9) J2n(14+2¢)%% d . d
vB,gy)= Y———"— — ¢ —
41n4 de de

|: f < Yy >e—x(l—cosy):|, (36)

where I(x)=e* erfc,/x and where it is understood
that the operator d/de does not work on the ¢-depen-
dent xp(¢) and x, (¢).

Another form is

o (Ty) £k Zky=b"" be-
x < x, with

X0

2f 512 g—1 F(x,¢)
v(B,¢) = T A(1+2s) dx-;— 37)
with
F(x,e)= [ dtexp [—2x sin? <t /i>]
0 2%
[dyroR-1e (38)
0

which in a relatively elegant way can be obtained by
exploiting Hassan’s equations [17] (see also [18]). It is
used in [4] to get numerically v (B, ¢) for arbitrary mag-
netic field strength. The main result, as mentioned in
the introduction, is that there are three regions of
magnetic field dependence:
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(I) v(B,¢)~ v(0,¢) which is the magnetic field free col-
lision frequency, valid for Ay < r¢, where rc is the
redefined electron gyroradius (ro=./T,/mQ™Y).

1) v(B,) ~ 20c/0)

( 7 In4a
range b <r-<Ap which essentially means that in
the Coulomb logarithm the Debye length has to
be replaced by the gyroradius [2, 3], and

(III) an asymptotic expression valid for r- < b.

intermediate

v(0,¢), in the

The magnetic field-free collision frequency in region
I is easily obtained from (35). For 2 -0, x, and xp

tend to infinity and only large values of I contribute.
1

) 2TX
changing the sum over [ to an integral over [, one finds

Using I,(x) e * ~ e~ 12* (see Appendix) and

1
V(O, 8) = m (1 + 28)5/2

2 ©
A [de JtUR e, (39)
T 0

1
where the integral can be replaced by 4 A= ep
—¢&
[(2+¢€)g (¢) — 3] and g(¢) is given by (31) of [16].
Hence, we get

(1429
V(O,S) = w

which is identical to (30) of [16].

The formal asymptotic expression for an ultra
strong magnetic field is obtained even more simply.
For Q- 0, x, and xp, tend to zero and I;(x) can be
replaced by I,(x) ~ (x/2)'/1!; that means, only the [ =1
term contributes to lowest order.

Since U (2,1; ¢/2 x)*~ 4 x2/¢2, we easily find by in-
tegration the desired equipartition frequency valid in
the region III for case A:

(142652 [ro\*
Baj=c ot fYe}
wBe ==\

[(2+e)g(e) -3, (40)

(41)

In (41) a term A4~ * has been dropped compared to
unity (it is introduced by the lower cut-off). This ex-
pression was already obtained in [4]® and predicts an
algebraic decrease of v with Q~* in the limit Q — o0.

* In this paper there are several misprints. In (4) the s-inte-
gral has to be taken from 0 to oo, 4 defined on page 3 is
given by 4=12ng~ " and in (11) \/1+¢, has to be re-
placed by \/1+2¢,.
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3.2 Case B: Spherical Cut-Off

Now we turn to a spherical cut-off and show that it
yields a rather different Q-dependence for B — 0.

Inserting Q,, for case B, (16b), into (23) and per-
forming the u - and u  -integrations we get for £(t)

Jmmune* 142¢

(4meg) TPPT,

é(t) = (1—e¢)
. *ZW (IQ)ZJ‘dkL dfsin 0

_— 42
I k® ] |cosO| b
0

. e ~x(0)
P {2[x(9) —x(n/2)]} s i
where x (0) =2 T, k?sin? 0/(mQ?).

In the ultrastrong magnetic field limit, Q — o0, it
holds x(0) -0 and I,(x(9) — (x(0)/2)"/1!, e *®@
~1— x(0). To lowest order only the terms linear in
x(6) contribute. The angle integral can be evaluated

asymptotically,
” sin 6 o e ®
exp| ——— | ~ ,
|cos0)| P cos? 0 o?
0
where o=mQ?/(4T k*)=a/k*>1. The remaining
k-integral is made convergent by introducing an upper
cut-off k,=1/b, and again a lower cut-off is not

needed. Its asymptotic expression becomes
ko

jdk k3 ek

0

(43)

—ab2

——— 44
5abf (44)

which shows, using ab?=¢(b/rc)*/4, that for large
values of B the evolution of e =T /T is governed by

4. /nne*

_ 1+29% 8)< c>6
C UmB T (re? € b

|

The normalized collision frequency, hence, formally
reads (46)

8 (142852 [rc\® e [ b)?
wBI=T e \b) TP T A\ |

valid for b/r-> 1. Hence, the exponential decay of vy
is not a signature of the strong interaction approxima-
tion [10].

£(t)

(45)



H. Schamel and G. Hiibner -

Cutting the Coulomb force in different ways, hence,
results in different asymptotic formulas for the equi-
partition frequency. Comparing both expressions (41,
46) for nearly isotropic temperatures (¢ ~ 1), we get

vg(B,1) o\ 1/b)?
——— 8| — ) exp|——(—]) |
vA(B, 1) b 4 \rc

In view of b/ro>1 this is an extremely small value.

Hence, the more stringent isotropic constraint on the

Coulomb force restricts the energy exchange to a neg-
ligible level.

(47)

4. Comparison with Experiments

Let us now have a first look on our formal results
from a weak interaction Landau theory and on the
results obtained in [10] in the ultra strong magnetic
field region III, where r./b <1, being aware that the
weak interaction approximation is not justified in this
region as discussed in the introduction. The three
asymptotic curves are shown in Figure 1.

The solid curve represents (28) of [10], while the
dotted line shows the algebraic behavior of the cylin-
drically cut-off collision frequency (41), and the
dashed line is a plot of the spherically cut-off v, (46).
All curves are drawn for ¢ ~1. The analytic expres-
sions for the curves are as follows

v~1.5./6/n <0478 exp (—2.04 g-2%), [10]
v~3./3x%, 41)
v~24./3x%exp(—1/4x?), (46)

where x =r./b and &€ =x/(3 \/_2—).

Figure 1 very drastically reveals that the weak inter-
action approximation in this regime does not only
yield different results depending on how the Coulomb
force is cut off, but also that none of the weak interac-
tion results is able to confirm the experimental results
(represented well by the solid line). This is, hence, a
cogent evidence of the fact that in the ultra-strong
magnetic field region the cumulative small-angle scat-
terings are less effective.

However, as r./b increases and approaches unity,
both weak interaction expressions coalesce and at the
same time the differences to the experimental results
disappear. This can be seen from Fig. 2, which shows
the normalized equipartition frequency calculated via
(37) and (38) (circles) with A=107-5, together with four
experimental data taken from [8] (crosses ®). Experi-
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al

e e s
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r/b

Fig. 1. Asymptotic behavior of the collision frequency for the
ultra strong magnetic field region. Solid line: O’Neil et al.,
dotted line: formal Landau theory with cylindrical cut-off,
dashed line: Landau theory with spherical cut-off.

, 33,8, 8.

, S, B

InA ;l‘l
VR(TI_TJ.)

Y 3,533,735

3 3

r/b
Fig. 2. Isotropisation frequency v for the strong interaction
model (solid line) and the weak interaction Landau model
(circles o) together with some experimental data (for dotted
line, see Fig. 1).

mentally, the temperature range was given by
28 K< T<1.1-10*K and the magnetic field strength
varied within 3 T<B< 6T, so that the criterion for a
classical treatment, mentioned in the introduction,
was satisfied. Furthermore, the asymptotic strong in-
teraction result of [10] (solid line) is shown for r./b <1,
the region of its applicability.

We, therefore, conclude that the transition region
rcxb, is the boundary between the validity of the
strong and weak interaction theory, in agreement with
experiment [8] and simulation [13].
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Table 1. The first few coefficients q, ,,.

n\k 0 1 2 3 4 5 6 i
0 1 . .

1 . 025 —1 03 P

2 ; : 028125 —2416 2.583 —0.73 0.05
Appendix

We want to calculate a new form of the asymptotic
expansion for the function e *I,(x) valid for x> [?
(I, is the modified Bessel function). Our starting point
is the well known asymptotic expansion for fixed I,
and large x [19].

V2nxe *I;(x) (A-1)
S io ,1(,?81 n 4P —Q2k—-1)2=u(,x).

The series for u(l, x) may now be put into the form

®© 1 1 i__l
u(lx)= 3 —_:!)("2(;),, b,

n=0

(A-2)

where (z), =z(z+1)...(z+n—1) and (2),=1.
Defining now the new independent variable z =
1/(2 x), one recognizes that u ([, z) satisfies the differen-
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tial equation

2u+Qz—Du'+ (4 —1)u=0. 3}

Note, that (A-3) can be transformed back into Bessel’s
equation [20].

We are making now the following (asymptotic)
Ansatz for u:

5 ® 1 3n
ul)=e T o Ya, @, (A
n=0 k=n

which shall be useful for [z <1, ie., x = 1%/2.

Substituting (A-4) into (A-3) one gets the recurrence
relation for the g, , (A-5)

1 1)?
r+1 Ag-2,n—2kay_y o+ k"‘i Ak |
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